Spin-dependent electric dipole operators are investigated group-theoretically for the emergence of an electric dipole induced by a single spin or by two spins, where the spin dependences are completely classified up to the quadratic order. For a single spin, a product of spin operators behaves as an even-parity electric quadrupole operator, which differs from an odd-parity electric dipole. The lack of the inversion symmetry allows the even-and odd-parity mixing, which leads to the electric dipole described by the electric quadruple operators. Point-group tables are given for classification of the possible spin-dependent electric dipoles and for the qualitative analysis of multiferroic properties, such as an emergent electric dipole moment coexisting with a magnetic moment, electromagnon excitation, and directional dichroism. The results can be applied to a magnetic ion in crystals or embedded in molecules at a site without the inversion symmetry. In the presence of an inversion symmetry, the electric dipole does not appear for a single spin. This is not the case for the electric dipole induced by two spins with antisymmetric spin dependence, which is known as vector spin chirality, in the presence of the inversion center between the two spins. In the absence of the inversion center, symmetric spin-dependent electric dipoles are also relevant. The detailed analysis of various symmetries of two-spin states is applied to spin dimer systems and the related multiferroic properties.
Introduction
For conventional magnets, the magnetic dipole moment is usually controlled by the magnetic field. On the other hand, there are unconventional magnets that reveal an electric dipole moment in the magnetically ordered phase.
1 This is known as multiferroics and has attracted much attention in condensed matter physics, especially regarding the cross-correlation between the electric and magnetic fields, such as the control of an electric dipole moment by a magnetic field.
2
In the multiferroic materials, the important point is that the electric dipole is related to spin operators. In an ideal system, the spin space is independent of the real space and spins do not couple to the electric field. There are two main microscopic origins connecting the two spaces. One is known as an exchange striction effect with modulation in both the lattice and exchange interactions. 3, 4 The other is the spin-orbit interaction that transfers anisotropy in the real space into the spin space. In both cases, the electric dipole is described by tensorial forms of the spin operators. This spin-dependent electric dipole leads to various interesting multiferroic properties.
The spin-dependent electric dipole has been studied for a long time. [5] [6] [7] After the discovery of the giant magnetoelectric effect in TbMnO 3 and related compounds, 8, 9 its mechanism within the spin-orbit interaction was investigated, focusing on the noncollinear (helical) ordered phase.
10-14 Katsura et al. found that the main source of * E-mail address: matsumoto.masashige@shizuoka.ac.jp the electric dipole is written in the following form: Here, S i and S j represent the spin operators at the neighboring sites. e ij denotes the unit vector connecting the two spin sites. p ij is the electric dipole induced by the spin pair. The outer spin product, S i × S j , is termed the vector spin chirality. This electric dipole is interpreted by spin current or inverse Dzyaloshinskii-Moriya mechanisms. 10, 12 Since the helical magnetic structure breaks the inversion symmetry and it gives rise to a uniform vector spin chirality, the ferroelectric properties in TbMnO 3 were successfully explained by Eq. (1.1).
Another intriguing multiferroic issue is the electric dipole moment observed in Ba 2 CoGe 2 O 7 and related compounds. In the case of Ba 2 CoGe 2 O 7 , the electric dipole is induced by a single S = 3/2 spin of a Co 2+ ion surrounded by O 2− ligand ions. On the basis of the metal-ligand hybridization model with the spin-orbit interaction, Arima found that the electric dipole is written in the following form: Here, r i denotes the position of the ith ligand ion relative to the Co 2+ site. This electric dipole successfully explains the multiferroic properties of Ba 2 CoGe 2 O 7 , such as its magnetic-field-controlled ferroelectric polarization, [16] [17] [18] electromagnon excitation, 19, 20 and directional dichroism.
19-21
As expressed by Eqs. (1.1) and (1.2), the electric dipole is described by the product of spin operators. The electric dipole can be induced in both single-spin and two-spin systems. For the electric dipole induced by a single spin, the product of the spin operators can be interpreted as an electric quadrupole operator. In the absence of the inversion symmetry at the spin site, the even and odd parities are mixed up and the electric dipole operator can be described by the electric quadrupole operator. Romhányi and coworkers pointed out that in Ba 2 CoGe 2 O 7 the quadrupole operator of the S x S y + S y S x type is relevant to the ferroelectric moment parallel to the z-axis on the basis of a group theoretical discussion. [22] [23] [24] [25] As studied by Miyahara and Furukawa, the same result can be obtained by Eq. (1.2) from the metal-ligand hybridization model. 20 Group theoretical analysis is a powerful tool for the investigation of multiferroic materials. For instance, the point-group symmetry of atomic positions surrounding a local spin determines the possible spin dependence in the electric polarization without going into the microscopic origin.
So far, no systematic analysis on the electric polarization has yet been reported. The purpose of this paper is to investigate the spin-dependent electric dipole operator from the viewpoint of symmetry and to demonstrate what types of spin dependence are allowed or forbidden under various point-group symmetries. We consider the product of spin operators up to the quadratic order as a minimum treatment and the 32 point groups that are compatible with the space group. Since the electric dipole induced by a single spin appears only in the absence of the inversion symmetry, we focus on the 20 point groups having no inversion symmetry.
The electric dipole operator induced by two spins also plays an important role even in the presence of the inversion center between the two spins, where the spin dependence must be antisymmetric with respect to the inversion transformation. Since the two spins are spatially separated, the symmetry around the two spins is not expressed by the point group. Kaplan and Mahanti studied the antisymmetric spin-dependent electric dipole under various symmetries. 26 In this paper, we extend their work to the symmetric spin dependence that is also allowed in the absence of the inversion center.
Our analysis can be used to study multiferroic properties of various types of magnetic materials. As typical examples, we focus on d-electron systems with S = 1, S = 3/2, S = 2, and S = 5/2 spins in tetragonal symmetries and discuss the emergent electric dipole moment, electromagnon excitation, and directional dichroism. Since the result can also be applied to f -electron systems, we discuss the J = 5/2 and J = 4 cases in cubic point groups. We classify the magnetic and electric dipole operators in the irreducible representation. This helps us understand the selection rules of light absorption and the possibility of directional dichroism. In the two-spin case, we analyze the emergent electric dipole moment in spin dimer systems and discuss the expected multiferroic properties. This paper is organized as follows. In Sect. 2, we give a general formulation for the spin-dependent electric dipole operator induced by a single spin and present the spin dependence for various point groups. In Sect. 3, we study the symmetric spin-dependent electric dipole operators induced by two spins. Sections 4 and 5 discuss possible applications of the electric dipole induced by a single spin and two spins, respectively. The last section gives a summary and discussion of the results. In Appendix A, we present coefficient tensors of the spin-dependent electric dipoles for various basal symmetry transformations to obtain the results in Sect. 2. In Appendix B, we present microscopic models for the spin-dependent electric dipoles induced by parity mixing in the absence of the inversion symmetry.
Electric Dipole by Single Spin
We first study an electric dipole emerging at a single spin site in crystals or molecules, where the spin-orbit interaction is required for the microscopic origin. The electric dipole, namely, the polarized charge distribution, is related to the orbital of the electron and it can be spindependent through the spin-orbit interaction.
We assume that the spin is located in an environment characterized by several symmetries, such as pointgroup representations. Considering the symmetry properties of the electric dipole, we can determine the spin dependences that are allowed under the symmetries even though we do not discuss the microscopic origin within the spin-orbit interaction.
General formulation
We discuss the following spin-dependent electric dipole operator:
Here, p α S and S α (α = x, y, z) are the α component of the electric dipole and spin operators, respectively. Since the spin operator has an even parity with respect to the spatial inversion transformation, S β S γ is symmetric for the inversion. Here, the spin product is classified as an electric quadrupole and Eq. (2.1) means that electric dipoles can be induced by electric quadrupoles. The subscript of p α S represents the symmetric spin-dependent electric dipole operator, while the asymmetric type, p α A , will be considered in Sect. 3 for two spins. K α βγ is a coefficient tensor. In Eq. (2.1), summations of β and γ are implicitly taken over x, y, and z. The electric dipole is invariant under the time-reversal transformation. Since the product of the spin operators is invariant under this transformation, the coefficient tensor K α βγ must be a real number. In addition, the dipole operator must be Hermitian: K α βγ = K α γβ . Thus, K α βγ is represented by a real symmetric tensor.
We assume that the spin is located in an environment represented by a point group. In the presence of the spa-tial inversion symmetry, the irreducible representations are classified by even and odd parities. The electric dipole is for an odd parity. In this case, the symmetric spindependent electric dipole vanishes. In contrast, the dipole can appear in the absence of the inversion symmetry. This is owing to the fact that the irreducible representations of the spatial inversion are meaningless, namely, both even and odd parities are mixed. The quadrupoles (S β S γ ) in Eq. (2.1) have an even parity; however, an oddparity component can be induced by the quadrupoles when the inversion symmetry is broken in the environment (see Sect. 2.4). This is the reason why the symmetric spin-dependent component p α S is regarded as an electric dipole. More detailed investigation is required for the point groups without the inversion symmetry.
The electric dipole couples to the electric field, which is represented by the following Hamiltonian:
Here, E represents the electric field. Let us discuss the symmetry properties of the coefficient tensor under symmetry transformations of a point group. There are various symmetry operations in a point group. Since we concentrate on point groups lacking the inversion symmetry, the point-group symmetry operations consist of rotation and mirror operations. The electric dipole p α S and electric field E α are polar vectors, while the spin operators S α are axial vectors. The transformation can be expressed by a 3 × 3 matrix acting on E α , S β , and S γ in Eq. (2.2). For the rotation, the matrix is the same for both types of vectors. For the mirror operation, however, the matrices for the two types of vectors have opposite signs. Since the right-hand side of Eq. (2.2) is quadratic in the spin operators, the matrix for the axial vector can be treated as that for the polar vector, owing to cancellation of the signs. Therefore, it is appropriate to use only the matrices for the polar vector in any symmetry operation (rotation or mirror), even for spin operators. This means that K α βγ is a real-symmetric third-rank polar tensor. After the transformation, the Hamiltonian given by Eq. (2.2) is expressed as
Here, R αβ represents the 3 × 3 matrix for the transformation. Note that the same R αβ matrix can be used for both polar and axial vectors. Since the Hamiltonian must be invariant under the symmetry transformation, i.e., Neumann's principal, we obtain
Using the properties of the orthonormal matrix of R αβ , i.e., R αβ R T βγ = δ αγ , we arrive at the following equation to determine the coefficient tensor:
The coefficient tensor K α βγ in Eq. (2.1) is determined so as to satisfy Eq. (2.5) under all possible symmetry transformations in the point group.
Examples of C 2 and C 3 point groups
Let us show how to determine the coefficient tensor. In general, the symmetric tensor can be expressed as
There are 18 (= 6 × 3) degrees of freedom in total. As a simple example, we consider the C 2 point group. The symmetry operations are E and C 2 . The former is the identity operation and we do not consider it. The second is the π rotation around the z-axis. Since there is no inversion symmetry in the C 2 point group, the symmetric spin-dependent electric dipole operator can be finite. The C 2 operation is represented by the following 3×3 matrix:
Equation (2.5) is then written as
Here, we omitted the subscripts of K 
The spin-dependent electric dipole is then expressed as
Here, we introduced the following operators:
There are eight free parameters for the coefficients in Eq. (2.10). The number of degrees of freedom is reduced from 18 to eight by Eq. (2.8). Note that there is no additional possible spin dependence in the electric dipole. A micro-scopic model with the spin-orbit interaction determines the values of the coefficients.
As another example, we next study the C 3 point group. The possible symmetry operations are E and C 3 , where the latter is the 2π/3 rotation around the z-axis. It is expressed by the following matrix:
(2.14)
The symmetric spin-dependent electric dipole is then expressed as
where we introduced
The C 3 operation mixes the x and y components and the common coefficients appear in the x and y components in Eq. (2.15) , where the number of degrees of freedom is reduced from 18 to six by Eq. (2.13).
Results for 32 point groups
In this section, we focus on the 32 point groups that are compatible with the space group. In the same way as in the previous subsection, we can determine the coefficient tensors by solving Eq. (2.5) under all the possible basal symmetry operations in the point group. The lack of the inversion symmetry is required for a finite electric dipole operator. Table I shows finite spin-dependent components in various point groups. In Appendix A, we summarize the coefficient tensors for various basal symmetries used to obtain Table I for convenience. Up to Table I . List of the general forms of the symmetric spindependent electric dipole operator for various point groups compatible with the space group. Among the 32 point groups, the lack of the inversion symmetry is required for the emergence of the electric dipole. For monoclinic crystals, i.e., the C 2 and Cs point-groups, the first setting is employed. K α βγ is an arbitrary nonzero real coefficient. The operators are defined as O α 2 = (S α ) 2 , O x 2 ±y 2 = (S x ) 2 ± (S y ) 2 , and O αβ = S α S β + S β S α (for α = β). When the dipole operator vanishes, we use "−" in the list. Note that all components vanish in case of the "O" point group, i.e., the dipole does not appear up to the quadratic order of the spin operators. We add the result for the C∞v point group for linear molecules.
Point group
S vanishes in the case of C 3h . In the O point group, all components of the electric dipole vanish. In this case, the C 4 operations are added to the T point group. From Table I , we can see that the C 4 operation around the z-axis restricts the coefficient as K x yz = −K y zx . When we add this restriction to the result of T , we obtain K x yz = 0 and all coefficients vanish in the O point group. Table I is closely related to the basis functions of the irreducible representations. For instance, the z component of the dipole, p z S , is classified in the irreducible representation whose basis function contains z. In the absence of the inversion symmetry, even and odd basis functions are mixed in the irreducible representations. Let us explain this point for the D 2 point group as an example. In the D 2 character table, we can see that the basis functions of z and xy (or yx) are classified in the same irreducible representation. 27 This means that the two basis functions are transformed in the same way by the symmetry operations for D 2 and that they cannot be distinguished. We next consider the spin product of S x S y + S y S x . The D 2 point group consists of only rotational symmetry operations. For these, S x S y + S y S x behaves as xy + yx. Therefore, the basis functions of z, xy + yx, and S x S y + S y S x are classified in the same irreducible representation and they are mixed in the D 2 symmetry. This leads to p
, as listed in Table I for D 2 .
We emphasize that this argument holds for other point-group symmetries. In general, the point groups consist of rotation and mirror operations. The 3 × 3 matrices for the rotational operations are the same for the polar and axial vectors, while the signs of their matrices are opposite for mirror operations. Since S x S y + S y S x is quadratic in the spin operators, it also behaves as xy +yx for the mirror operations. This means that the basis function of αβ+βα can be treated as S α S β +S β S α in general. Similarly, α 2 can be treated as (S α ) 2 . From the above discussion, we notice that most of the results listed in Table I can also be obtained by simply using the linear and quadratic basis functions of an irreducible representation listed in the character tables of the point groups. However, we have to be careful when the x and y basis functions are classified in the same twodimensional representation, such as in the cases of C 4 , S 4 , D 4 , C 4v , D 2d , C 3 , and so on. For these, the same coefficients appear in the p x S and p y S components, as shown in Table I . We have to pay attention to choose the correct sign of the coefficients, which is determined by Eq. (2.5). Note that there are other ways to find the correct sign of the coefficient, as described in Refs. 28 and 29.
Microscopic origin of spin-dependent electric dipole
There are two possible microscopic origins of the electric dipole moment induced by the product of spin operators. One is the metal-ligand hybridization model expressed by Eq. (1.2) , where the energy levels of d orbitals depend on the direction of the spin via the spinorbit interaction and the energy shift affects the metalligand hybridization. Since the hybridization determines the charge distribution of the metal and ligand ions, electric dipole moments are connected to the spin. In the absence of the inversion symmetry, the electric dipole operator is described by products of spin operators.
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The other microscopic origin is parity mixing between even-and odd-parity orbitals. In the absence of the inversion symmetry at the metal-ion site, even-parity d orbitals mix with odd-parity p-orbitals. In this case, the charge density of the mixed orbital has both even-and odd-parity components and the latter leads to an electric dipole moment. In the presence of the spin-orbit interaction, the orbitals are connected to the spin and the electric dipoles are described by the product of spin operators. The details are given in Appendix B, where both d-p and f -d orbital hybridizations are discussed, focusing on the T d point-group symmetry.
Both origins lead to the same spin dependences in the electric dipole and it is difficult to distinguish them by experiments. We emphasize here that the spin dependences in the electric dipole are precisely determined group-theoretically on the basis of the local symmetry at the metal-ion site, regardless of its microscopic origin.
Electric Dipole by Two Spins
In this section, we study the electric dipole operator generated by a pair of spins represented by S 1 and S 2 at different sites, as shown in Fig. 1 . Up to the quadratic order of the spin operators, the general form of the spindependent electric dipole can be expressed as
Here, p Let us discuss the symmetry property of the electric dipole. When there is an inversion center between the two spins, the inversion, I, is one of the possible symmetry operations. For the inversion transformation, we obtain
Since the electric dipole is transformed as a polar vector by the inversion operation, the sign changes in the left-hand side of Eq. (3.3) . This indicates that p α S disappears and that p α A is the only possible electric dipole. In the absence of the inversion center, however, the irreducible representations are not classified by this symmetry and the even and odd parities are mixed. In this case, the symmetric spin-dependent component of the electric dipole operator can be finite.
Kaplan and Mahanti focussed on the antisymmetric component and classified the electric dipole under various symmetries. 26 Their result holds for cases both with and without the inversion center. In this paper, we extend their study to the symmetric component and investigate the possible forms of the spin-dependent electric dipole operator that can appear in the absence of the inversion center.
The symmetry operations we consider here are shown in Fig. 1 . Among them, σ(x) and C n (z) operations do not interchange the two spin sites, while σ(z) and C 2 (x) interchange them. Since p α S is the symmetric component, all the operations behave the same with respect to the Table II . List of the general forms of the symmetric spindependent electric dipole operator generated by two spins for various symmetries. The symmetry operations we consider here are shown in Fig. 1 . The coefficient A α βγ is an arbitrary, nonzero, and real value for the spin product at the different sites. The operators are defined as
, and
Note that the results are the same for the C 4 (z), C 6 (z), and C∞(z) symmetries. In the case of spin products at the same site, the result can be obtained by replacing A α βγ → D α βγ and F → G. Here, the operator G is written as
spin interchange. Therefore, we arrive at the following relations to determine the coefficient tensors:
Here, R αβ represents the 3 × 3 matrix for the symmetry operation. Equation Table II , we list the possible forms of the symmetric spin-dependent electric dipole operator under various symmetries for the two spins.
In case of the antisymmetric component, the same formulation can be used. The coefficient tensors are determined to satisfy the following relations:
Here, η 1↔2 is a factor for the interchange of the two spins. When the symmetry operation interchanges the spins, η 1↔2 = −1, while η 1↔2 = 1 for no spin interchange. In the same way as for the symmetric component, we can Table III . List of the general forms of the antisymmetric spindependent electric dipole operator generated by two spins with various symmetries, which were obtained by Kaplan and Mahanti. 26 The symmetry operations we consider here are listed in Fig. 1 . In Ref. 26 , they took the x-axis along the two spins. In this paper, we choose the z-axis along the two spins for easy comparison with the results summarized in Table I . C α β are arbitrary nonzero real coefficients for the spin product at the different sites. Following Kaplan and Mahanti, 26 they are defined as C α x = C α yz , C α y = C α zx , and C α z = C α xy , where C α βγ were introduced in Eq. (3.1). Wα is defined as Wα = (S 1 × S 2 )α. Here, (· · · )α represents the α component. For spin products at the same site, B α βγ are arbitrary nonzero coefficients. The operators are defined as
and O m,2 are the quadrupole operators defined by the spin operators of S 1 and S 2 , respectively. Note that the results are the same for the C 4 (z), C 6 (z), and C∞(z) symmetries.
determine the coefficient tensors by solving Eq. (3.5). For completeness, we also show the results for the antisymmetric case in Table III , which were reported by Kaplan and Mahanti. 
Magnetoelectric Effect by Single Spin
In this section, we study magnetoelectric effects caused by a spin-dependent electric dipole. We discuss the case of a dipole generated by a single spin, where the antisymmetric spin-dependent component vanishes (p A = 0).
There are the following three expected effects: (1) The emergence of a static electric dipole in magnetic systems. (2) Electromagnon excitation. (3) Directional dichroism. We discuss these points in this section.
We assume that a single spin is located in an environment represented by a point group. Since the dipole is given by a product of spin operators, as shown in Table I, S = 1/2 is irrelevant and we only consider S ≥ 1 cases. As an example, we mainly study the tetragonal point groups of D 4 , C 4v , and D 2d . The classification of the spin and electric dipole is given in Table IV . The energy eigenstates of a single spin in the tetragonal system are classified in Table V . For later convenience, we show the multiplication table in Table VI .
Emergence of static electric dipole
We study a static electric dipole moment emerging in magnetic systems. To have a finite expectation value of the electric dipole operator, GS|p α S |GS must contain the Γ 1 representation, where |GS represents a groundstate. We discuss this from the group-theoretical point of view.
S = 1
We first discuss the S = 1 case. As in Table V , the energy eigenstates are classified in the Γ 2 and Γ 5 representations in the tetragonal symmetry. This is consistent with the energy eigenstates of the spin Hamiltonian of
The groundstate is Γ 2 for the easy-plane (D > 0) case, whereas it is Γ 5 for the easy-axis (D < 0) case.
The z component of the dipole operator is nonzero for C 4v and D 2d . As shown in Table I , it is expressed as Table IV ). Since the Γ 1 operator can always have a finite expectation value for any state, we concentrate our attention on p z S for D 2d in the following discussion. In the case of D 2d , p z S is classified in the Γ 4 representation (see Table IV ). Since only Γ 5 ⊗ Γ 5 contains the Γ 4 representation among the basis Γ 2 and Γ 5 states (see Table VI ), p z S can be finite only for the Γ 5 groundstate. For the D 2d symmetry, the electric dipole operator is expressed as
where the matrix elements are given on the basis of the |1 , |0 , and | − 1 states. To have a finite expectation value, the groundstate must be a linear combination of the |1 and | − 1 states (Γ 5 states). In general, note that the quadrupole operator O xy has finite matrix elements between the |m and |m ± 2 states.
To induce the quadrupole moment, it is necessary to Table I . 
lift the threefold degeneracy of the S = 1 states. A simple way is to apply an external magnetic field, where the time-reversal symmetry is broken. A typical example is given by the following Hamiltonian:
Here, h = gµ B H represents an effective magnetic field applied in the xy-plane that mixes the | ± 1 states. φ is the angle of the magnetic field measured from the x-axis. Note that h > 0 and the direction of h = h(cos φ, sin φ) is represented by the angle φ. In both the easy-plane and easy-axis cases, the groundstate is given by
We can see that the superposition of the | ± 1 states is realized by the applied field. The expectation values of the spin and electric dipole operators are given by
where (x, y) = (cos φ, sin φ). In Eq. (4.5), · · · represents the expectation value for the groundstate |GS . Note that
We can see that p z S ∝ O xy behaves as xy with respect to the direction of the magnetic moment, reflecting the quadrupole nature.
For the x and y components, the electric dipole operators are classified in the Γ 5 representation, as shown in Table IV . Using Table VI, we can check that the expectation values of these operators are zero for both the Γ 2 and Γ 5 groundstates. Since p
their expectation values can be finite when the magnetic field direction is inclined from the xy-plane.
In a cubic symmetry, the situation becomes simple since the spin Hamiltonian becomes isotropic for S ≤ 3/2, i.e., D = 0. Under the magnetic field H = H(sin θ cos φ, sin θ sin φ, cos θ), the spin Hamiltonian is expressed as
The groundstate is given by
For the cubic (T and T d ) point groups, the dipole operators are classified in the same three-dimensional representation. The expectation values of the spin and electric dipole operators are given by
where (x, y, z) = (sin θ cos φ, sin θ sin φ, cos θ) and K is an arbitrary constant. In the cubic symmetry, there is no magnetic anisotropy for S ≤ 3/2. Then, the local moment is smoothly rotated by the external field. This gives rise to the quadrupole moment and results in a finite electric dipole. Thus, both the spin and the electric dipole are induced instantaneously and are controlled simultaneously by the external magnetic field. It will be interesting to check this point by experiments on real materials. The above magnetoelectric effect is discussed on the basis of a local spin; however, note that it can also be applied to interacting spin systems. The spontaneous mag-netic moments at neighboring sites can give rise to a molecular field, which plays the role of an external magnetic field at the local spin site.
S = 3/2
For S = 3/2, the energy eigenstates are classified in the Γ 6 and Γ 7 representations, as shown in Table V 
We can see that the superposition of the | ± 10) where (x, y) = (cos φ, sin φ). Note that S z = p x S = p y S = 0. The result is essentially the same as that in the S = 1 case.
It was reported that finite electric polarization was observed in multiferroic systems of akermanite compounds, such as Ba 2 CoGe 2 O 7 and Sr 2 CoSi 2 O 7 , [16] [17] [18] where the Co 2+ ion has the S = 3/2 spin and is located at the center of a tetrahedron. The point group at the Co 2+ site is D 2d . These compounds show a long-range ordering at the Néel temperature accompanied by a collinear antiferromagnetic (AF) structure. Owing to the easy-plane (D > 0) single-ion anisotropy, the energy level scheme is Γ 6 -Γ 7 and the magnetic moment aligns in the xy-plane. The AF moment tends to align perpendicular to the external magnetic field applied in the xy-plane. In this case, the magnetic field h = h(cos φ, sin φ, 0) in Eq. (4.3) is understood as an effective field originating from both the molecular field and the external field. By changing the direction of the external magnetic field, it was observed that the polarization (electric dipole) actually behaves as p z S ∝ xy ∝ sin(2φ), and it was successfully explained by the metal-ligand hybridization model. [16] [17] [18] Our study understands this group-theoretically.
S = 2 and S = 5/2
The energy eigenstates for S = 2 and S = 5/2 spins are listed in Table V . For S = 2, there are Γ 1 , Γ 3 , and Γ 4 states in addition to the Γ 5 state. However, the Γ 3 and Γ 4 states do not contribute to the appearance of p z S , since the products of Γ 3 ⊗ Γ 4 , Γ 3 ⊗ Γ 5 , and Γ 4 ⊗ Γ 5 do not contain the Γ 4 representation for the p z S operator (see Table VI ). As in the S = 1 case, the Γ 5 state (| ± 1 ) results in a finite p z S for D 2d symmetry. Another possibility is a mixed state between the Γ 1 and Γ 4 states.
For S = 5/2, there are two Γ 7 states. As in the S = 3/2 case, Γ 6 (|± In the D 2d point group, the electric dipole operators are described by quadrupole operators such as p
Their expectation values can be finite when the magnetic moment has yz, zx, and xy components, respectively.
J = 5/2 and J = 4 in cubic symmetry
In the above discussion, we focused on d-electron systems and studied the electric dipole operator described by the spin operators. Note that the formulation can also be applied to f -electron systems by replacing the spin operators with total angular momentum operators, i.e., S → J, where the spin-orbit interaction is strong and the total angular momentum is a good quantum number. In this subsection, we discuss the J = 5/2 and J = 4 cases for Ce 3+ and Pr 3+ ions, respectively. In a cubic system without the inversion symmetry, for the T d and T point groups, the electric dipole operators are expressed by the quadrupole operators as (see Table  I )
This indicates that the electric dipole can emerge in the quadrupole ordered phase of the (O yz , O zx , O xy ) type.
In the T d point group, the electric dipole is classified in the Γ 5 representation, as shown in Table VII . The crystal-field energy levels are classified as in Table VIII . For J = 5/2, the electric dipole moment can emerge for the Γ 8 groundstate, since Γ 8 ⊗ Γ 8 contains the Γ 5 representation, as shown in the multiplication table for T d .
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For J = 4, note that this can be realized by both the Γ 4 and Γ 5 groundstates. 27 Another possibility for J = 4 is a Γ 1 -Γ 5 low-energy level scheme. When the energy splitting of the two levels is much smaller than the intersite quadrupole interaction of the Γ 5 type, the system can be regarded as a pseudoquartet system and the quadrupole long-range ordered phase can be stabilized at low temperatures. In this case, we can expect that the electric dipole moment is also induced spontaneously by the quadrupole moment at the Pr 3+ site in the T d point-group symmetry. Table VII . Classification of magnetic dipole, electric dipole, and electric quadrupole operators for T d point group. J α and p α S represent the α (= x, y, z) component of the total angular momentum and electric dipole operators, respectively. The quadrupole operators in the same representation of the electric dipole are also shown, which are defined as O αβ = J α J β + J β J α . Note that the Γ 5 electric dipole and quadrupole are indistinguishable in the T d point group without the inversion symmetry. The electric dipole is then expressed by a linear combination of the quadrupole operators in the same representation. The coefficients of the linear combination are listed in Table I .
The important point is that the electric quadrupole and dipole are categorized in the same representation of the T d point group. There is no symmetry transformation to distinguish them in the absence of the inversion symmetry. For the T point group, the magnetic dipole also belongs to the same representation in addition to the electric dipole and quadrupole. Since the electric field couples to the electric dipole, applying an external electric field can control multipole orderings, such as the quadrupole ordering in f -electron systems. A larger coefficient K α βγ for an electric dipole is expected in felectron systems with a rather strong spin-orbit interaction. We emphasize that appropriate f -electron systems can be good candidates for the detection of an emergent electric dipole and thus have great potential for future application to electromagnetic control.
Electromagnon excitation
In conventional magnets, light absorption is caused by the magnetic field component. In contrast, magnetic excitation caused by the electric field component is termed electromagnon excitation. When an electric dipole is described by the spin operators, the electric field is connected to spin systems. This is the origin of the electromagnon excitation. In this subsection, we study the selection rule of the electromagnon excitation, focusing on the D 2d point group.
S = 1
In the case of S = 1, the energy levels split into the Γ 2 and Γ 5 states, as shown in Table V. In the multiplication  table, Table IV ). Therefore, the Γ 2 -Γ 5 transition can be realized by both magnetic and electric dipole operators. This leads to a cross-correlation and results in directional dichroism, 20 as will be discussed in the next subsection.
In the case of the D 2d point group, p z S is classified in the Γ 4 irreducible representation (see Table IV ). Since Γ 5 ⊗Γ 5 contains Γ 4 , as shown in Table VI We can see that it actually connects the | ± 1 states. The Γ 2 -Γ 5 excitation is possible by the Γ 5 operators, as mentioned above.
S ≥ 3/2
For S = 3/2, the energy levels split into Γ 6 and Γ 7 (see Table V In Fig. 2 , we summarize the selection rule of the electromagnon excitation for S ≥ 1. For S = 2, the Γ 4 (|2 − | − 2 ) state cannot be excited from the Γ 1 (|0 ) state by a magnetic dipole, while it can be excited by the Table IV ). Under a finite field along the z-direction, the Γ 4 and Γ 5 states are mixed and both can be excited by the electric field component. Thus, the transition forbidden by the magnetic dipole can be excited by the electric dipole. This indicates that we have to be careful when we analyze the intensity of electron spin resonance in the absence of the inversion symmetry, where the conventional selection rule by the magnetic dipole cannot be applied.
For S = 5/2, we discuss the electromagnon excitation observed in Ba 2 CoGe 2 O 7 in connection with the directional dichroism in the last part of the following subsection.
Directional dichroism
In conventional materials, an electromagnetic wave propagates in the same way when its propagating direc- Table VI ). In the presence of an external magnetic field, the degenerate Γ 5 , Γ 6 , and Γ 7 states are split. In such a case, the Γ 4 and Γ 5 operators determine the selection rule inside the Γ 5 , Γ 6 , and Γ 7 states. tion is reversed. In multiferroic materials, it can propagate differently. This is known as directional dichroism and is one of the typical signatures of magnetoelectric effects.
As in the above discussion, an electromagnon can be excited between the Γ 2 and Γ 5 states for S = 1. As shown in Table IV , (S x , S y ) and (p x S , p y S ) are classified in the same Γ 5 representation. This indicates that the transition between the Γ 2 and Γ 5 states can be induced by both electric and magnetic field components of light. We can expect an interference effect between the two origins. This appears as the directional dichroism.
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As a fundamental example, we study the S = 1 case in the D 2d point group. The spin and electric dipole operators are expressed by the following matrix forms:
Here, K is a constant. We assume K > 0 for a simple discussion below. We consider the following Hamiltonian:
Here, D (> 0) represents the easy-plane single-ion anisotropy. h z = gµ B H z (> 0) represents a static magnetic field applied along the positive z-direction. H ′ is the perturbation Hamiltonian given by
Here, E ω = (E ω
The energy eigenstates of the unperturbed Hamiltonian are given by
The matrix elements between the |0 and | ± 1 states are calculated as
The transition probability, i.e., the absorption rate of light, is given by 18) where I ±1 represent the intensities for the | ± 1 states, respectively. They are given by
Let us consider light propagating parallel to the zdirection. We assume that the direction of the electric field is fixed in the x-direction, i.e., e When the propagating direction is reversed, it is less ab- sorbed (more transparent). Therefore, directional dichroism appears, as shown in Fig. 3(a) . The asymmetry of the absorption rate is given by
where we used e ω x /h ω y ≪ 1 assuming a small K value. This expresses the strength of the directional dichroism. A larger K (stronger spin-orbit interaction) is favorable for dichroism. When the direction of the external magnetic field is reversed (h z → −h z ), the absorption rate changes from I 1 to I −1 with the same ω 1 = D − |h z |. The directional dichroism changes its direction, as shown in Fig. 3(b) . This phenomenon can be used as an "optical diode" with which we can control the direction of the transparent light. In the present study, we can control the easy-transparent direction by changing the direction of the external magnetic field. By tuning the frequency ω = ω −1 = D+h z , the direction is reversed in the dichroism compared with the ω 1 case, since the | − 1 state is excited instead of the |1 state.
The above result is owing to the fact that the excitation is caused by both the magnetic and electric dipoles, which are classified in the same irreducible representation in the present case. Their cross-correlation leads to the directional dichroism, as summarized in Fig. 3(c) .
In the case of S = 3/2, we can also expect directional dichroism, as in the S = 1 case. The local energy levels split into the Γ 6 and Γ 7 states, as shown in Fig. 2 Table I for various point-group symmetries is very useful for deducing relevant spin dependences in specific magnetic materials.
Magnetoelectric Effect by Two Spins
In this section, we study an electric dipole generated by a pair of spins. As shown in Fig. 1 , the z-axis is chosen along the two spins. We first discuss a case with the inversion symmetry between the two spins in Sect. 5.1 and apply the result to a typical example of an interacting spin dimer system, TlCuCl 3 . A case without the inversion symmetry is also discussed in Sect. 5.2.
In the presence of inversion symmetry
When there is an inversion center between the two spins, the electric dipole operator must have antisymmetric spin dependence. Therefore, the symmetric spindependent component vanishes (p S = 0) and only the antisymmetric one (p 
where the coefficients C Table III for various symmetries.
Under high symmetry
First, we consider a high-symmetry case, where the two spins have all the symmetries listed in Table III in addition to the inversion symmetry. Retaining the common quadrupole operators in Table III , we can express Table IX . Symmetry properties of a local Hamiltonian JS 1 · S 2 , singlet state, triplet state, S ± , and W operators with respect to the spatial inversion (I) and time-reversal (T ) transformations. The even and odd characters are represented by ±, respectively. In terms of the T transformation, S ± are magnetic, while W and F αβ are electric. Since the magnetic dipole is staggered on the left and right sides of a dimer, S − can be interpreted as a magnetic quadrupole (or multipole) (see text below Fig. 5 ). Since W has an odd character for I, it can be interpreted as an electric dipole operator. In the absence of the inversion center between the two spins, the even and odd parities are mixed. The symmetric spindependent electric dipole operator remains, which is described by electric quadrupole operators.
the electric polarization operator in the following form:
Here, C, B 1 , B 2 , and B 3 are arbitrary constants. e 12 denotes a unit vector connecting the two spins of S 1 and S 2 , which is parallel to the z-axis, as shown in Fig. 1 . Note that the z component vanishes, i.e., (e 12 × S 1 × S 2 ) z = 0. The first term in Eq. (5.2) represents the fact that p A ∝ e 12 × S 1 × S 2 . This coincides with the result obtained by Katsura et al. on the basis of the spin current mechanism, 10 since the result was derived under a high symmetry, as pointed out by Kaplan and Mahanti. 26 The second term in Eq. (5.2) is written by the antisymmetric form of the quadrupole operators at each site. The transverse (B 1 ) and longitudinal (B 2 and B 3 ) terms of the electric dipole coincide with those obtained by Jia et al, 13, 14, 30 since a microscopic model with the spinorbit interaction was employed under a high symmetry.
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When the symmetry of the two spins becomes lower, we still retain the electric dipole in Eq. (5.2), although other terms arise in addition, as shown in Table III . This indicates the robustness of Eq. (5.2) in general cases.
Spin dimer system
Next, we examine the electric dipole moment originating from the vector spin chirality. As recently revealed by Kimura et al., a spin dimer system is a typical system showing the magnetoelectric effect, 31 where S = 1/2 spins are strongly coupled by the exchange interaction JS 1 · S 2 . We assume an inversion center between the two spins, such as in TlCuCl 3 . In this case, the symmetric spin-dependent electric dipole operator disappears and only the antisymmetric one remains. For S = 1/2, the B α βγ term in Eq. (5.1) is irrelevant since it is proportional to the product of the spin operators at the same spin site. Therefore, the vector spin chirality is the only source of the electric dipole for the S = 1/2 spin dimer with an inversion center.
The energy eigenstates split into singlet and triplet states. Their characters with respect to the spatial inversion (I) and time-reversal (T ) transformations are listed in Table IX , where we employ the x, y, and z representations for the triplet states. In this table, S ± = S 1 ± S 2 operators are introduced to represent the uniform and staggered components, respectively. Since S ± are odd for the T transformation, they are magnetic, while W is nonmagnetic. S + has an even parity, while S − and W have an odd parity. Thus, the three kinds of operators are distinguishable by the I and T symmetries. Since W has the same character as the electric dipole, it can be regarded as an electric dipole. This is the reason why the electric dipole operator is described by the vector spin chirality. Note that this also holds even in the absence of the inversion center between the two spins. In this case, the symmetric component of the electric polarization operator coexists with the antisymmetric component, as expressed in Eq. (3.1).
For a weak interdimer interaction, the singlet groundstate is stabilized and there is no long-range order down to zero temperature. In the disordered phase, the local Hamiltonian of a dimer is invariant under the inversion transformation. The energy eigenstates are then classified by even (|t x , |t y , |t z ) and odd (|s ) parities. The Hamiltonian is invariant when the I and T transformations are performed simultaneously, i.e., under the IT transformation. As in Table IX , both the singlet and triplet states have an odd character for IT .
Next, we consider the S ± and W operators. Their specific forms are expressed as
Here, ǫ αβγ represents the antisymmetric tensor. Both S − and W have finite matrix elements between the singlet and triplet states, while S + is finite only between the triplet states. When the interdimer interaction is increased, spin dimer systems show a long-range order with a staggered magnetic moment on a dimer, as in the pressure-induced ordered phase of TlCuCl 3 .
32-34 In this case, the order parameter is represented by S − . The local Hamiltonian of a dimer is then expressed as
Here, h AF denotes the staggered magnetic field from the neighboring sites, which couples to S − . The inversion symmetry is broken in H dimer owing to the h AF · S − term. The singlet and triplet states are mixed up and the energy eigenstates are given by the superposition of these states with real coefficients, since the matrix elements of S − between the singlet and triplet states are real numbers, as shown in Eq. (5.3). In this case, it may be thought that W is induced because of the broken inversion symmetry. However, it is not, since the matrix elements of W between the singlet and triplet states are pure imaginary numbers, as shown in Eq. (5.3). This is also understood from a symmetrical point of view. Although the inversion symmetry is broken, H dimer given by Eq. (5.4) is invariant for the IT transformation since both JS 1 · S 2 and S − are invariant (see Table IX ). Thus, the IT transformation is the remaining symmetry of H dimer in Eq. (5.4) and the S − operator is distinguishable from the S + and W operators. The expectation value of S − can be finite, while those of S + and W vanish. The reason for the latter case is explained by the fact that
Here, |GS represents the groundstate. Note that both |GS and W have an odd character for the IT transformation. Equation (5.5) indicates that the expectation values of both W and S + vanish because of their odd character for the IT transformation. Therefore, the electric dipole moment (or W ) is not induced in the pressureinduced ordered phase of interacting spin dimer systems. A long-range ordered phase can also be stabilized by an external magnetic field. This is termed field-induced magnetic order and is interpreted to be a consequence of Bose-Einstein condensation of a magnon. [35] [36] [37] [38] [39] In the ordered phase, the local Hamiltonian of a dimer is expressed as
Here, h ex denotes the external magnetic field, which couples to S + . Owing to the h ex · S + term, the Hamiltonian is no longer invariant under the IT transformation. The groundstate is then given by a superposition of the odd and even states for IT , where the even component can be obtained by taking new linear combinations of the |t x , |t y , and |t z triplet states with complex coefficients.
The expectation values of S + and W can be finite since they can connect the even and odd states for IT . As a result, the electric dipole moment is induced in the field-induced ordered phase. This was actually observed recently by Kimura et al. in TlCuCl 3 under a finite magnetic field. 31 In a pyroelectric current measurement, they revealed that an electric polarization is induced in the Bose-Einstein condensation phase of the magnon above the critical field. In TlCuCl 3 , a dimer is located at a lowsymmetry position, i.e., it only has the inversion symmetry. The electric dipole operator is then expressed as p α S = C α β W β . It was confirmed that the induced electric polarization in TlCuCl 3 is proportional to the expectation value of the magnitude of the vector spin chirality, |W | .
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Under a magnetic field parallel to the z-direction, a staggered moment appears in the xy-plane in the fieldinduced ordered phase. Under the field, the S − and W operators are expressed as
,
where
(| ↑↓ + | ↓↑ ), and |t −1 = | ↓↓ . Under the field, the |t 1 state is stabilized. The groundstate is then expected to be a superposition mainly of the |s and |t 1 states. When we restrict ourselves to the lowest-lying two states, the W operator is written as
This restriction becomes valid for a strong intradimer interaction, where a large splitting of the singlet-triplet state is realized at zero field. In this case, the W operator becomes equivalent to the S − operator in the x and y components. A schematic of the magnetic moment in the ordered phase is shown in Fig. 4 with the interpretation of Eq. (5.8).
In general cases, the groundstate of Eq. (5.6) is expressed in the following form:
Here, a s and a ±1 are real coefficients and φ represents the angle of the staggered moment in the xy-plane measured from the x-axis. The expectation values of the operators for the groundstate are given by 
where (x, y) = (cos φ, sin φ). Note that S For a spin dimer, the expectation value of W has the following property:
This is because the two spins are strongly coupled in a dimer and their wavefunction cannot be decoupled. The observed magnetic field dependence of the induced electric polarization in TlCuCl 3 cannot be explained by S 1 × S 2 . For the quantitive explanation, we emphasize that the expectation value must be taken as S 1 × S 2 on the basis of the wavefunction of a dimer.
In the conventional classification of multipole operators, a magnetic (electric) operator has an odd (even) character with respect to the T transformation. The multipole characters, such as those of the dipole, quadrupole, octupole, etc., are determined by the rank of the tensor operator. In the case of spin-dependent operators, they correspond to S α , S α S β , S α S β S γ , etc., respectively. This classification of the multipoles is applied to cases of a single-spin site. In the spin dimer case, there are two kinds of spin operators (S 1 and S 2 ), reflecting the two spin sites. The interesting point of a dimer is that the two spins are strongly coupled by a strong intradimer interaction. Thus, a dimer can be regarded as a single atom having a wide spatial distribution. The spin-dependent operators for a dimer are given by combinations of S α 1 and S β 2 . Under a uniform external magnetic field, for instance, the interaction is expressed as −h ex · S + . Therefore, S + = S 1 + S 2 can be understood as a magnetic dipole operator for a dimer. In the presence of a staggered magnetic field, the interaction is expressed as −h AF ·S − . Thus, S − = S 1 − S 2 is related to higher-rank magnetic multipole operators. As shown in Table IX , it has an odd character for both I and T transformations. A finite expectation value of the S − operator generates finite staggered magnetic moments on the left and right sides of the dimer. Close to one of the spin sites, a finite magnetic dipole moment can be observed at each spin site. On the other hand, far from the dimer, the staggered components cancel out and the magnetic field behaves as that from a magnetic multipole moment. In this sense, S − = S 1 − S 2 can be interpreted as an "extended magnetic quadrupole". [40] [41] [42] Precisely speaking, it contains pseudoscalar, quadrupole, and toroidal magnetic components in general. 40 The present result indicates that the electric dipole moment is owing to both magnetic dipole and quadrupole moments, because the canted magnetic moments at the two sites give rise to a finite value of the vector spin chirality, W = S 1 × S 2 , as shown in Fig.  5 . As a similar effect caused by magnetic multipoles, magnetodielectric effect has recently been observed in Ba(TiO)Cu 4 (PO 4 ) 4 , where a magnetic quadrupole moment is present in the magnetic ordered phase. 43 
In the absence of inversion symmetry
When there is no inversion center between the two spins, the even-odd parity mixing allows both symmetric (p S ) and antisymmetric (p A ) spin-dependent components in the electric dipole operator, as shown in Eq. (3.1). The spin dependences of the electric dipole operator are listed in Table II for various symmetries. Unlike p A , p S does not survive in the high-symmetry case, since it is not allowed in the presence of the inversion symmetry. In this sense, p S is not robust compared with p A .
Antiferromagnetic spin dimer
Let us consider the electric dipole operator derived from the spin products at different sites, i.e., the A α βγ term in Eq. (3.1). When the two spins have the C 2 (z) and C 2 (x) symmetries, for instance, the electric dipole operator is given by (see Tables II and III) (p
Here, A x , A y , A z , C x , and C y are arbitrary constants. As in the caption of Table II , F αβ are defined as
(5.13)
It is interesting to see the difference from the vector spin chirality W = S 1 × S 2 . As listed in Table IX , F αβ has an even parity. It is classified as an electric quadrupole operator induced by two spins. In the absence of the inversion symmetry, p S is described by F αβ owing to the even-odd parity mixing.
Since F αβ has an even parity, it only has matrix elements between the triplet states given as
(5.14)
In the pressure-induced ordered phase, the local groundstate is expressed in the following form:
where a s and a t are real constants. The expectation values of S − and p S are respectively given by 16) where (x, y, z) = (sin θ cos φ, sin θ sin φ, cos θ). The direction of the staggered moment is expressed by the angles θ and φ. Although there is an antisymmetric operator (p A ) in the absence of the inversion symmetry, its expectation value is zero, i.e., p A = 0 (or W = 0), as discussed below Eq. (5.5). 44 We can see in Eq. (5.16) that both a magnetic quadrupole (S − ) and an electric quadrupole (F αβ ) can coexist since both have an even character for the IT transformation, as shown in Table  IX . In the absence of the inversion symmetry between the two spins, a finite electric dipole moment p S can be induced through the electric quadrupole. The induced electric dipole moment is proportional to the triplet amplitude (a 2 t ) and it can be large for a strong interdimer interaction.
In a field-induced ordered phase with H z-direction, a staggered magnetic moment aligns in the xy-plane. The expectation values of p S and p A given by Eq. (5.12) are respectively expressed as
with (x, y) = (cos φ, sin φ). Here, the expectation value was taken with the groundstate given by Eq. (B·20) for the field-induced ordered phase, and Eq. (5.10) was used for p A . The interesting point of the electric dipole moment by the symmetric F αβ operator is that it can be induced even in collinear magnetic structures, as shown by Eq. (5.16). This is in contrast to the dipole moment induced by the vector spin chirality, where the canted spin structure on a dimer is essential.
Ferromagnetic spin dimer
The F αβ operator having matrix elements between the triplet states can be active for a ferromagnetic interdimer interaction. In this case, the triplet state is stabilized against the singlet state and the spin dimer behaves as an S = 1 spin. The local groundstate in the magnetic ordered phase at low temperatures is expressed as
The expectation values of S + and p S are expressed as
where (x, y, z) = (sin θ cos φ, sin θ sin φ, cos θ). The angles θ and φ express the direction of the ordered magnetic moment. Note that S − = p A = 0. For a ferromagnetic dimer, only the symmetric component is active and the electric dipole moment is only induced in the absence of the inversion center. This is essentially the same as the single-spin case, since the ferromagnetic dimer behaves as an S = 1 single spin.
Summary and Discussion
We investigated the spin-dependent electric dipole operator in both single-spin and two-spin cases. For a single spin, Table X shows that a magnetic dipole, electric dipole, and electric quadrupole (product of spin operators) can be classified in irreducible representations for 20 point groups without the inversion symmetry. In the absence of the inversion symmetry, the even and odd parities are indistinguishable, namely, the electric dipole and quadrupole are classified in the same irreducible representation. As listed in Table I , the electric dipole operator can be written with the electric quadrupole opera- Table X . Classification of magnetic dipole, electric dipole, and electric quadrupole operators induced by a single spin in point groups compatible with the space group without the inversion symmetry. S α and p α S represent the α (= x, y, z) component of the spin operator and the symmetric spin-dependent electric dipole operator, respectively. The quadruple operators (products of spin operators) are defined as O α 2 = (S α ) 2 , O x 2 ±y 2 = (S x ) 2 ± (S y ) 2 , and O αβ = S α S β + S β S α for α = β. They have an even parity with respect to the inversion operation. In the absence of the inversion symmetry, the electric dipole is expressed by a linear combination of the quadrupole operators in the same representation by parity mixing, since both of them (electric dipole and quadrupoles) are invariant under the time-reversal transformation. The coefficients of the linear combination are listed in Table I . Here, we only show the quadrupole operators in the same representation of the electric dipole. In f -electron systems with a strong spin-orbit interaction, the magnetic dipole and electric quadrupole operators are obtained by replacing S α → J α , where J α represents the operator of the total angular momentum.
Point group
tors by parity mixing and the coefficients between them are obtained so as to satisfy the point-group symmetry. The characteristic point of the group theoretical analysis is that the possible spin dependences can be determined without having to consider the microscopic origin. The results summarized in Tables I and X will be useful for future works investigating magnetoelectric effects in magnetic materials in various point-group symmetries.
One of the typical examples of magnetoelectric effects is an induced static electric dipole moment in magnetically ordered states. This leads to a cross-correlation that allows the magnetic (electric) field to control the electric (magnetic) dipole and related electromagnon excitation. We discussed the selection rule for light absorption, focusing on tetragonal point groups. The results are summarized in Fig. 2 with Tables IV and V. When a magnon can be excited by both electric and magnetic fields, its cross-correlation appears as directional dichroism. In this case, the directional dependence of the transparency of light can be controlled by the direction of an external magnetic field, as summarized in Fig. 3 . This phenomenon can be used as an optical diode, as in the case of BiFeO 3 .
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The above results can be applied not only to a spin in crystals, such as in Ba 2 CoGe 2 O 7 , but also to a metal ion embedded in molecules. An attractive example of this is a heme protein, where there is no inversion symmetry at the metal ion site. High-frequency and high-field measurements of electron paramagnetic resonance were carried out to identify the electric state of the metal ion in a heme protein 46, 47 The present study implies that a heme protein is a possible soft material exhibiting multiferroic behavior, such as light absorption caused by the electric field component. It should be kept in mind that the conventional selection rule of the transition caused by a magnetic dipole is not simply applicable when the inversion symmetry is broken at the metal-ion site. The study of multiferroic properties in a heme protein and related molecules with a metal ion is left for future work.
For a clear observation of multiferroic behavior and for practical applications to multiferroic devices, a strong spin-orbit interaction is required. Therefore, heavy ions or f -electron systems are more promising for these purpose when the inversion symmetry is broken at the magnetic-ion site. In this case, the present study can be applied straightforwardly: the spin operator S in Eq. (2.1) is simply replaced by the total angular momentum J. Since the electric dipole moment is screened in metals, insulating systems are favorable. An f -electron ion embedded in a molecule at a site without the inversion symmetry is also interesting. Giant electromagnetic effects, such as electric-field-controlled magnetic moments, are expected to be more promising for applications than quantum spin systems with a transition-metal ion. The study of the multiferroic properties of heavy ions or felectron systems is also left for future work.
In the case of an electric dipole operator induced by two spins, there are both symmetric and antisymmetric spin dependences with respect to the spatial inversion at the center of the two spins. Beyond the work by Kaplan and Mahanti, 26 we considered the symmetric components of the electric dipole operators and summarized them in Table II , as well as the antisymmetric ones listed in Table III . The result was applied to spin dimer systems. In the presence of an inversion center between the two spins, the electric dipole operator is described by the vector spin chirality S 1 ×S 2 .
10, 26 We discussed an electric dipole moment from a symmetrical viewpoint and found that it is induced when the IT symmetry is broken, where I and T represent the inversion and time-reversal symmetries, respectively. This is realized in the field-induced ordered phase of spin dimer systems with a canted spin structure and was recently revealed by Kimura et al. by observing the induced electric polarization in TlCuCl 3 .
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Thus, spin dimer systems can be intriguing playgrounds to search for magnetoelectric effects.
Finally, we discuss an application to spin-nematic ordered phases. [48] [49] [50] [51] It is necessary to have a suitable probe for observing spin-nematic and bond-nematic ordered states. In our study, we demonstrated that an electric dipole moment can be induced by both a single spin and two spins. For the former and latter, the electric dipole can be described by the local (O operators in Table I ) and intersite (F operators in Table II ) electric quadruple operators, respectively. Note that they correspond to spin-nematic and bond-nematic operators, respectively. In a spin-nematic phase, the order parameter is a singlesite electric quadrupole. Note that it can induce an electric dipole moment in the absence of the inversion symmetry at the magnetic-ion site. In the same way, in a bond-nematic phase, the order parameter is a quadrupole induced by two spins. It can induce an electric dipole moment in the absence of the inversion center between the bond spins. Thus, Tables I and II are also useful for detecting spin-nematic and bond-nematic ordered states through the magnetoelectric effect.
There are 18 (= 6×3) degrees of freedom. The symmetry transformations reduces the number of free parameters. We can obtain the coefficient tensor for a point group by retaining the common coefficients over all possible symmetry transformations in the point group.
C 2 (α) represents the π rotation around the α (= x, y, z)-axis. The coefficient tensors invariant under these transformations are expressed as
For instance, the D 2 point group has the above three symmetry transformations. By retaining the common coefficients over the three transformations, we obtain the following coefficient tensor for D 2 :
The symmetric spin-dependent electric dipole operator is then expressed as
Here, the quadrupole operators, O αβ , are defined by Eq. (2.11). In the same way, we can obtain the electric dipole operators for other point groups.
A.2 σ(z), σ(x), σ(y) σ(α) represents the mirror transformation with respect to the plane whose normal vector is along the α (= x, y, z)-axis. For the mirror transformations, the coefficient tensors are expressed as A.5 C 2 (
We show the coefficient tensors that are invariant under the C 2 (± π 6 ) and C 2 (± π 3 ) transformations (see Fig.  A·1 ). The matrix elements in the K y component surrounded by squares and double squares are written by the K x component. They are shown separately below the tensor.
3 ) The coefficient tensors for the σ v (± π 6 ) and σ v (± π 3 ) transformations (see Fig. A·1 ) are expressed as
Appendix B: Electric Dipole Induced by Parity Mixing under Broken Inversion Symmetry
B.1 Electric dipole induced by d-p hybridization
In this appendix, we consider a microscopic model and show how an electric dipole moment is induced by the broken inversion symmetry. This helps us understand the group theoretical results summarized in Table I . For this purpose, we focus on a d-electron in the T d point-group symmetry, where the d orbitals are split into t 2g and e g orbitals, as shown in Fig. B·1 . We assume that an electron occupies one of the t 2g orbitals. They are defined as Here, |Y l,m represents a harmonic spherical function. We omitted the function for the radius component. Note that the wavefunctions in Eq. (B·1) take real values. There are six degenerated states including the spin states. The orbital angular momentum is active among the t 2g orbitals. It can be mapped on a pseudo-L = 1 model within the three basal states. In the presence of the spin-orbit interaction, the sixfold states split into four lower pseudo-J = 3/2 (Γ 8 ) states and two higher pseudo-J = 1/2 (Γ 7 ) states [see Fig. B·1(b) ]. We consider the lower J = 3/2 states in the following discussion. They are expressed as
Here, |m (m = 
This is used in the following discussions.
B.1.1 Quadrupole operator
For the J = 3/2 states, quadrupole operators are defined by O αβ = J α J β + J β J α , where J α represents the total angular moment of the α (= x, y, z) component. The quadrupole operators are expressed as
We discuss next how the quadrupole operators are related to the electric dipole operators.
B.1.2 d-p hybridization induced by broken inversion symmetry Since the d orbitals have an even parity, the expectation values of the x, y, and z positions vanish. When the inversion symmetry is broken, however, this is not the case. This is owing to the fact that even-parity d orbitals are mixed with odd-parity orbitals. In usual cases, odd-rank crystal-field potentials are not considered since the energy splitting of orbitals with the same L value is focused on. In the absence of the inversion symmetry, odd-rank crystal-field potentials exist in principle. For this purpose, we consider the T d point-group symmetry in this appendix. The crystal-field potential contains the following third-rank term for T d :
where xyz = (sin θ cos φ)(sin θ sin φ)(cos θ).
In Eq. (B·5), V 3 represents the amplitude of the potential. It is given by
Here, −Ze represents the charge of ligand ions on the apices of a regular tetrahedron surrounding the transition metal, while a represents the distance between the ligand ions and the metal ion, as shown in Fig. B·1 . The xyz symmetry is classified as an "electric octupole", and Eq. (B·5) indicates that there is an xyz electric octupole in the crystal-field potential. This is consistent with the fact that xyz is invariant under the symmetry operations for the T d point group and that it is a basis function of the Γ 1 representation. The odd-parity crystal-field potential of the xyz type leads to d-p hybridization. On the basis of first-order perturbation theory, t 2g orbitals are mixed with p orbitals as
Here, t takes the same value under the cyclic x → y → z → x transformations. In Eq. (B·9), E d and E p represent the energy levels of the d and p orbitals, respectively. 52 Note that t is a real value when we choose real wavefunctions for the d and p orbitals. In the following discussion, we use thed orbitals instead of the d orbitals.
B.1.3 Electric dipole operator
The wavefunctions of thed yz ,d zx , andd xy states are not invariant under the inversion transformation. This means that the charge distribution has an asymmetric component that can induce an electric dipole moment. We next calculate the expectation values of the x, y, and z positions and introduce matrices X α (α = x, y, z) whose elements are defined by n|α|n ′ with n, n ′ =d yz↑ ,d zx↑ ,d xy↑ ,d yz↓ ,d zx↓ ,d xy↓ . They are expressed in the following matrix form: 
where −e represents the electron charge. This is consistent with the result shown in Table I for T d . The coefficient is determined as K The result given by Eq. (B·12) can be understood from another point of view. We consider the matrix forms of yz, zx, and xy on the basis of the threed yz ,d zx , andd xy orbitals, where the properties of the T d symmetry are taken into account by the d-p hybridization. The 3 × 3 matrices for yz, zx, and xy are expressed by the matrix r α given by Eq. (B·11) as (r yz , r zx , r xy ) = (r x , r y , r z ) b→b ′ (B·14)
by replacing b with b ′ = v 2 d zx |yz|d xy . This indicates that (X x , X y , X z ) ∝ (X yz , X zx , X xy ) and (x, y, z) ∝ (yz, zx, xy) in the T d point-group symmetry. This is consistent with the fact that both are classified in the same Γ 5 representations, as shown in Table X. 53 Since (yz, zx, xy) can be replaced by the equivalent operators as (yz, zx, xy) → (O yz , O zx , O xy ), we can obtain (x, y, z) ∝ (O yz , O zx , O xy ).
B.1.4 In the presence of a quadrupole field
To show that an electric dipole moment is induced by the quadruple operators, we consider a quadrupole ordered phase. As an example, we focus on the O xy type here. In the ordered phase, the local Hamiltonian for the J = 3/2 state can be expressed as
where O xy is the quadrupole moment at the neighboring sites and λ represents the coupling constant. In Eq. (B·15), λ O xy plays the role of a quadruple field coupling to the O xy operator. Under the quadrupole field, the four degenerate states split into two degenerate ground (E g = − √ 3λ O xy ) and excited (E e = √ 3λ O xy ) states. They are expressed as Finally, we comment on the twofold degenerate higher J = 1/2 (Γ 7 ) state shown in Fig. B·1 . The electric dipole moment is not induced by the Γ 7 state since it is described by a J = 1/2 model having no degrees of freedom of the quadrupoles. In addition, the e g states are irrelevant since they do not mix with the p orbitals and they do not induce the electric dipole moment.
B.2 Electric dipole induced by f -d hybridization
Induced electric dipole moments in f -electron systems can be discussed in parallel with the d-electron systems. Let us consider an f 1 state, where one of the f orbitals is occupied by an electron. Under a strong spin-orbit interaction in metal ions having f electrons, the 14-fold (L = 3 and S = 1/2) degenerate energy levels split into lower J = 5/2 and higher J = 7/2 states. We retain the former states. 
The matrices in Eq. (B·4) for the d orbital case appear here again since the quadrupoles are classified in the same Γ 5 representation.
B.2.2 f -d hybridization induced by broken inversion symmetry As in the d-p hybridization under the T d point-group symmetry, f (odd-parity) orbitals mix with even-parity ones. To discuss the parity mixing, we introduce the fol-14 eb 4 (B·40)
for the ground (|ψ = |GS ) and excited (|ψ = |ES ) states given by Eq. (B·39), respectively. Note that p x S ψ = p y S ψ = 0. Thus, an electric dipole moment along the z-direction is induced through the energy splitting of the fourfold degenerate Γ 8 state caused by the quadrupole field. In other words, the quadrupole moment O xy can be induced by applying an external electric field in the z-direction. This means that a quadrupole order can be controlled by an electric field in the absence of the inversion symmetry.
To understand the microscopic origin of the electric dipole moment, we analyze the electron density. As in the d orbital case in Eq. (B·18), the electron density contains the following odd-parity component: where the signs ± are for the ground (|GS ) and excited (|ES ) states, respectively. Here, the xyz components are omitted. Equation (B·41) leads to charge polarization in the z-direction. After integrating over the coordinate, the results in Eq. (B·40) are reproduced by v 4 drz[d zx (r)f Γ4x (r) + d yz (r)f Γ4y (r)] = b 4 . The terms with f Γ5x (r) and f Γ5y (r) cancel out after the integration. Therefore, the electric dipole is induced by products of t 2g and f Γ4 orbitals in the electron density, which are caused by the parity mixing in the presence of the xyztype electric octupole crystal-field potential.
B.2.5 In the presence of a magnetic field
We next discuss the Γ 8 states under a finite magnetic field. We assume that the magnetic field is applied in the xy-plane and consider the following Hamiltonian: H = −(cos φJ x + sin φJ y ).
Here, φ represents the angle of the field measured from the x-axis. Since the analytic form of the groundstate is complicated, we do not show the groundstate wavefunction here. In Fig. B·3 , we show φ dependences of the induced magnetic dipole moments ( J x and J y ) and the quadrupole moment ( O xy ). Note that J z = O yz = O zx = 0 since the field is applied in the xyplane. Owing to the | We emphasize that the results summarized in Tables I and X are universal and that they do not depend on the circumstances of the microscopic models. This is demonstrated by the microscopic models in Appendix B, and the effectiveness of the symmetry analysis is confirmed.
